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Measurements and Axisymmetric Model of Spatial
Correlations in Turbulent Pipe Flow
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The structure of fully developed turbulent water pipe flow is investigated using data from two hot film x
probes to evaluate two-point, two-component (axial and radial) space and space-time velocity correlations.
Measurements are made with one probe fixed at F//? = 0.35 from the pipe wall and the other a moveable probe
translated, with combined axial and radial separations, to give net probe separations in planes inclined at 0, 10,
20, 40, 65, and 90 deg in both upstream and downstream directions with respect to the mean flow. Departure of
these two-point correlations from isotropic behavior is modeled in terms of axisymmetric tensor forms in which
the turbulence is characterized by two scalar quantities related to the correlation length scales.

I. Introduction

SPATIAL and space-time correlations have been used
extensively in the study of turbulent flow structure by

many investigators. Spatial correlations were initially
measured by Favre et al . 1 > 2 in turbulent boundary layers;
Davies and Fisher3 in the turbulent mixing region of a jet; and
Sabot and Comte-Bellot4 in fully developed air pipe flow, to
list only a few. The deduction of the general form of turbulent
structure from space-time correlation measurements is also of
interest. These measurements have revealed that the major
axis of the isocorrelation contours of the convected turbulent
structure is inclined to the wall.5 A positive time delay of the
signal from the downstream probe is observed for the
maximum correlation coefficient for axial separation, and the
time delay increases as the separation increases.

The departure of the two-point correlations from isotropic
behavior has demonstrated the need to improve the modeling
of second-order velocity covariances beyond the symmetric
structure imposed in isotropic models. Additionally,
asymmetric structure with respect to time delay in space-time
correlations has been observed as well as differences in in-
tensities for the velocity components and nonzero shear
correlation coefficients.

In an attempt to model more appropriately second-order
velocity covariance structure in shear flows, Batchelor6 in-
troduced and Chandrasekhar7 extended the use of axisym-
metric tensor forms for these covariances. Unlike the
isotropic model, in which time averages of velocity com-
ponents and their space and time derivatives are invariant
under arbitrary rotations and reflections with respect to the
reference axes, the axisymmetric model of these time averages
is invariant, not for the full rotation group, but for a
preferred direction for rotation and certain related planes for
reflection.

Herring8 investigated the approach of axisymmetric tur-
bulence to isotropy using the direct interaction ap-
proximation. In his formalism the correlation matrix was
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represented in terms of its eigenmodes. Sreenivasan and
Narasimha9 expressed the two independent scalar functions
that describe the axisymmetric spectral tensor in terms of the
Fourier coefficients of an expansion in zonal harmonics,
while Herring8 used an expansion in spherical harmonics for
these quantities. In this study the forms of the two scalar
functions are postulated to give correlation contours which
compare well with experimental measurements.

The present experimental investigation was carried out in a
liquid turbulent pipe flow at a Reynolds number of 60,000
based upon the mean flow velocity. The measurements were
made in water using two hot film x probes, one fixed at
reference point 0, located at Y/R = 0.35 from the pipe wall,
and the other a movable one translated, with combined axial
and radial separations, to give net probe separations in planes
inclined at 0, 10, 20, 40, 65, and 90 deg with respect to both
the downstream and upstream mean flow directions, as shown
in Fig. 1. Emphasis was placed on obtaining space and space-
time correlations from which to construct isocorrelation
contour curves.

II. Experiment

Experimental Facility
The facility in which this study was conducted was a closed

recirculating water loop with a 10.16-cm-diam, 9.15-m-long
circular vertical test section. All measurements were taken 80
diameters from the highly contracted, smooth nozzle entrance
to the test section, thus providing fully developed conditions
at the measurement points. The characteristics of both the
experimental loop and the test section have been discussed in
detail by Burchill.10 The system water was demineralized to
allow the use of uncoated hot film sensors. The specific
conductivity of the water was maintained below 1 ̂ mho/cm
by bypassing a small flow through a mixed bed demineralizer.
The demineralization requirements were minimized by
constructing the entire loop of stainless steel. The loop water
temperature was kept constant at 27 °C with a deviation on
any set of runs less than ±0.1 °C to avoid the need for
anemometer overheat ratio corrections to be applied in
velocity measurements.

A traversing mechanism, designed to enter the test section
from the top, allowed both radial and axial probe positioning.
Two end flow x probes, with 0.0051 cm diameter and 0.1 cm
active length sensors, were used to measure the axial and
radial fluctuating velocity components. The stationary x
probe was located at reference point 0 at Y/R = 0.35 from the
wall as indicated in Fig. 1. At this reference point,
corresponding to y+ =427, the mean velocity was 0.55 m/s;
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Fig. 1 Spatial separation grid used for
correlation measurements; fixed x probe
is located at point 0.
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the rms of the longitudinal and transverse turbulent velocity
components were u\-0.027 m/s and u'2 =0.019 m/s,
respectively, and the correlation coefficient was u 1 u 2 I u \ u '2
= -0.43.

Instrumentation
The two x probes were used in conjunction with four

channels of anemometry, each consisting of one DISA 55D01
constant temperature anemometer, one DISA 55D10
linearizer, and one dc amplifier with - 24 dB/octave low pass
filter using a cutoff frequency of 1 kHz. TSI Model 1015C
correlators with high pass cutoff frequencies set at 0.1 Hz
were used for ac coupling. The four band-passed filtered
signals were recorded on FM tape for subsequent data
processing. At the beginning of each test run the voltage of
each anemometer was calibrated against flow velocity, and
the resulting calibrations were used to select the best exponent
for anemometer linearization. Because the turbulence in-
tensity levels were low (less than 5%), the yaw response was
represented adequately by the cosine law.

The u} and u2 velocity components for each probe were
obtained from the recorded x probe signals using two TSI
1015C sum and difference correlators. Auto-covariances and
cross-covariances, as a function of time delay, were measured
with a Honey well-Saicor Model 42 100-point digital
correlation and probability analyzer using precomputation
delay to obtain 400 point covariances.

To check the accuracy of the covariance results, three
additional independent sets of instruments and deter-
minations were used. The zero time lag covariance value was
employed to check the amplitude of the results and was ob-
tained using: a TSI 1015C correlator in conjunction with a
TSI 1060 true rms voltmeter, a Nicollet SD-75A 1000-point
digital correlator, and direct digitization of the signals by a
Nicollet SD-72/4A analog-to-digital converter, followed by
FFT analysis in a digital computer. These results all agreed to
within 4%. The functional shape of the covariances, with
respect to time delay and both with and without spatial
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———+• Row, direction

Fig. 2 Spatial correlations, axial velocity components.

separation, as obtained by the latter two checking procedures,
also agreed well with the primary determinations.

Experimental Results: Auto- and Cross-Correlations
Cross-covariances were obtained for 80 different

separations and were normalized by the zero time lag values to
give the normalized cross-correlation coefficients.

The cross-correlations of the velocity components ut and Uj
with / = 1, 2 and j = 1, 2 and .between the stationary probe (0,0)
and movable one (r]fr2) are defined by

2>0
(1)

where an overbar indicates a time average, r is the delay time
between the signals from the two probes, and r1 and r2 are the
Cartesian components of the two-dimensional separation
vector r located in the x-y plane. When expressed in terms of
the radial separation r and the angle 6 the cross-correlation
coefficient is defined by

(2)

where w, and Uj continue to represent the components in the x
andy directions, respectively.

Cross-correlations without time delay (r - 0) are plotted in
Figs. 2-5 vs the radial separation r for different angles 9 with
different combinations of the axial and radial velocity
components for downstream and upstream measurements.
Dashed lines indicate extrapolations to the zero separation
values determined from single probe data by applying
Taylor's hypothesis.

In terms of r and 6 an integral length scale, /,?, has been
defined as

(3)

When Ry contained negative lobes, the upper limit of in-
tegration was taken as the position of its first zero crossing.

The integral scales L°n, Le
12, Le

2], and L6
22 for different

angles 6 are shown in Table 1. Accuracies of these length
scales are estimated to be better than 10%. It is found that the
relation Le

u>Le
21>Le

12>Le
22 holds for 6 between 0 and 10

deg. This changes to Le
]1>L6

22>Ld
21>Le

]2 as 6 increases to 90
deg. The transition occurs gradually around 0~30 deg. This
value is roughly equal to a turbulent shear angle ft of 25 deg at
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Fig. 3 Spatial correlations, axial and radial velocity components.
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Fig. 4 Spatial correlations, radial and axial velocity components.

this position where

7 ,/ 2UJU2=- tan-M ' 2 •2 \ uf -u'22

Isocorrelation contours of Ru, R12, R2], and R22 at
Y/R = 0.35, r = 0 have been obtained. The results for Ru are
shown in Fig. 6 as an example. The curves are typically tilted
oval shapes and they are qualitatively similar to those found
in air pipe flow by Sabot and Comte-Bellot,4 and in
homogeneous shear flow by Favre11 and by Champagne,
Harris, and Corrsin. 12 The major axis is tilted about 3-5 deg
to the direction of the mean flow.

Figure 7 shows the isocorrelation contours of R22 which are
much less elongated and more nearly circular than the Rn
contours. It appears that the spatial extent of coherent radial
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Fig. 5 Spatial correlations, radial velocity components.
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Fig. 6 Isocorrelation contours of Ru (Y/R = 0.35, r]f r2, T = 0).

up stream measurements

Fig. 7 Isocorrelation contours of R22 (Y/R = 0.35, r7, r2, T = 0).

down stream measurements
Flow direction

velocity fluctuations is much less than the scale of axial
velocity fluctuations.

The space-time correlations with axial separation,
RiJ(Y/R = 0.35, r!,r2=Q,T), and radial separation,
Rij(Y/R = 0.35, r ;=0,r2,r), have been measured for
( / , y )=( l , l ) , (1,2), (2,1), and (2,2). In addition
Rn (7/^ = 0.35, r,0,r) has been measured for 6= 10, 20, 40,
and 65 deg. Figure 8 shows the results for 7?22( r/# = 0.35,
r ;,r2=0,r).

The local turbulent convection velocity, found from the
locations of the correlation maxima, is Uc = 0.97 U.

Integral time scales in a coordinate frame moving at the
convection velocity Tfj were also evaluated from a best fit of a
simple exponential function, giving Tn=645 ms and
T22 = 140 ms. The slow rate of change of the correlations with
large axial separations suggests the emergence of a preferred
turbulence structure as also found by Mulhearn and
Luxton.13

Probe interference effects for small axial separations were
evaluated by comparing autocorrelations with time delay to
autocorrelations with axial spatial separation assuming
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Table 1 Integral length scales L\- (in cm) for selected angles
of inclination to mean flow, 0

0
deg

0
10
20
40
65
90

TeLn
2.98
2.17
1.50
0.95
0.83
0.68

L»22

0.42
0.42
0.42
0.42
0.42
0.42

L'n
0.54
0.46
0.39
0.33
0.28
0.26

L'2i
1.16
0.79
0.68
0.39
0.30
0.29

Ljj>L2j>L]2>L22
LU>L21>L12>L22
Ln>L2l>L22>Ll2

LH >^22 >^21 >^12
L1}>L22>L21>L12
Ln>L22>L21>L12

the components of vectors and tensors referred to the
axisymmetric coordinate system. A, B, C, D, and E are ar-
bitrary scalar functions of r2 (=£,.£,.) and ^r(=^i\i). Since
the flow is locally homogeneous and incompressible, it
follows from the continuity equations that Q^ is solenoidal:

= 0 (6)

Thus, D = Eand Eq. (5) becomes

- .6

Y/R = 0.35
-Auto-correlation

-Axial probe separation, r,/R

-Envelope curve

0 80 160 240 320 400 480 560 640 720
r, Delay Time (msec)

Fig. 8 Two-point space-time correlation, radial velocity com-
ponents, and axial separations.

Fig. 9 Systems of
coordinates: (rj,r2,r3)
measurement system and
(%j,%2,%3) axisymmetric
system.

Flow direction

As a result of this solenoidal property, Chandrasekhar7 has
expressed <2// m terms of the skew axisymmetric tensor, qijs

where Qlf Q2, and Q3 are arbitrary scalar functions of r2 and
/A/*, and eijk is the alternating tensor. The relation between the
skew axisymmetric tensor and the covariance tensor is:

(9)

Since the axisymmetric tensor is symmetrical and solenoidal,
it follows that

(10)

Thus, the axisymmetric tensor can be defined by two scalars,
Qj and Q2. From Eqs. (8-10) the following tensor component
relations were obtained by Goldstein and Rosenbaum15:

(11)

(12)

Taylor's hypothesis to be correct for small separations. It was
found that Ru and R22 correlation curves obtained with
spatial separation could be up to 10 and 30% less, respec-
tively, than those using time delay for r1 /R < 0.4.

HI. Theory
Formalism of Axisymmetric Turbulence Model

For axisymmetric turbulence theory, the two-point
covariance tensor defined by

(4)

is invariant for rotations about a preferred axis with direction
X and for reflections in planes containing this axis. This
theory, as in isotropic turbulence, assumes local homogeneity
which makes it applicable only to regions in the flowfield
where the length scales are small relative to the spatial
variation of turbulence intensities.

The general second-order tensor considered by Batchelor14

is of the form

u + CX;.Xy (5)

in which £7 is chosen to be in the X direction and £3 to coincide
with x3 as in Fig. 9. A tilde (~ ) over a letter is used to denote

03)

(14)

(15)

where

To implement this theory it becomes necessary to express
the scalar functions, Q1 and Q2, in such a way that they in-
clude parameters related to measurable turbulence quantities.
The cross-correlation coefficient R{- in the axisymmetric
system has the general form of Eq. (1) and is based upon
velocity components u{ and uj9 with probe separation in terms
of the movable probe position (fitf2). The relations between
the correlation coefficient R^ (measurement system) and that
of Ru (axisymmetric system) are, assuming local
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homogeneity:

~u]Rn = u2
]cos2<j>R]}-2(u2

]'U2
2)

+ u2
2sin2(t>R22

~u2
2R22=~ti2

]sin2(t>R}I +2(ti]'!il)

+ u2
2cos2(t>R22

( M j w j ) l/2R]2=(li2
]R}I-l}2

2R22}sin<t>cos<t>

+ (I2-:ti2
2)l/2cos2<t>R]2

(16)

(17)

(18)

for which the angular relations of the two reference frames
are defined in Fig. 9.

IV. Theoretical Modeling and
Experimental Comparisons

Goldstein and Rosenbaum Model
Goldstein and Rosenbaum15 have chosen the following

relations for the two defining scalars, Ql and Q2,

(20)

In isotropic turbulence f 7 = £2 and u ] = u \ , which lead to
Q2 = 0, resulting in a single defining scalar function as ex-
pected. By using Eqs. (19) and (20), Eqs. (1 1-15) can be solved
to get the correlation coefficients in the axisymmetric
coordinates system, e.g.,

(21)

The parameters £7 and £2, were computed using the measured
experimental length scales, defined by

(22)

for different values of 6. For example, at 0 = 90 deg, the
parameter relations are

V
~ 7-2cos2</>(

and

with

-.90

(23)

(24)

(25)

——I—I—I—I—I—I—I I I ' I I I I I .
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$£, Degrees
Fig. 10 Angular dependence of free parameter ratio in Goldstein and
Rosenbaum15 model.

-0.2 -O.I
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•Flow Direction

Fig. 11 Isocorrelation contours of Rn in Goldstein and Rosen-
baum15 model.

Using the proposed relations of Goldstein and Rosen-
baum15 and our measured experimental length scales, the
allowed angles of axisymmetry led to unsuitable correlation
coefficients which did not coincide with the observed angles
of inclination of the isocorrelation contours. Figure 10 shows
the relation between (£y / ( 2 ) 2 and the angle of axisymmetry </>
evaluated from the available experimental data at position
Y/R = 0.35. This shows that the only available axisymmetric
angles which give acceptable values of (£7 /£2) 2 are for <£ ~ 80
deg. The RJJ and R22 isocorrelation contours computed by
using 0 = 80 deg are shown in Figs. 11 and 12, respectively. It
is readily observed, when compared with isocorrelations
obtained from the experimental data for pipe flow at
7//? = 0.35, as shown in Figs. 6 and 7, that the model
predictions are unacceptable. This suggests that further
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-0.2

•Flow Direction
Fig. 12 Isocorrelation contours of R22 in Goldstein and Rosen-
baum15 model.

development is necessary to utilize the axisymmetric model
for pipe flow turbulence.

Proposed Axisymmetric Model
The inability of the Goldstein and Rosenbaum15 two-

parameter model using two turbulence length scales to
generate realistic correlation coefficients in turbulent pipe
flow led to postulation of a more general axisymmetric model
using four turbulence length scales to define the two scalar
functions, Ql and Q2. Two parameters, £and n, are defined in
terms of four turbulence related quantities, £7, £2, « 7 , and n2
as suggested by Weber16 and for pipe flow applied initially by
Cintra.17 They are given in Cartesian coordinates by

and in polar coordinates by

cos2/? sin2/?

cos2/? sin2/?

(26)

(27)

(28)

(29)

These relations show that the two parameters, fand n, have a
constant value for constant angle ft regardless the value of r.

The corresponding defining scalar Q7, defined by Eq. (19),
is unchanged for this four-parameter system. However, <22,
defined in Eq. (20), has the argument of the exponential under
the square root replaced by either Eq. (27) or (29), depending
upon the coordinate system being used.

Thus, the correlation relations in the axisymmetric polar
coordinate system become

-r/t (30)

X ( 1 — -rcos^
cos2/? sin2/3 »-r/f (31)

Y/R=0.35

No Solution

0 10 20 30 40 50 60 70 80 90
<£, degrees

Fig. 13 Angular dependence of (n/f) parameter ratio in proposed
axisymmetric model.

rsin/3cos/3

*]

(32)

The four parameters, Il9 £2> ni> an<^ W 2 » nave to ^e deter-
mined from the measured turbulence structure. It should be
noted that the early attempt by Cintra17 to introduce these
four parameters was hampered by the lack of complete two-
point x probe separation correlation data. In this study, since
we have obtained a complete data set, these parameters can be
determined from the experimental integral length scales at
constant angle ft through the following general relation

r/3 _ { °°5 /.
'V-]o u ( '

(33)

in which ij can be 11, 22 and 12 or 21, and where Z§ is the
integral length scale in the axisymmetric coordinate system in
the direction which makes an angle ft with the £7 axis (Fig. 9).
By integrating Eq. (33) after substituting the correlation
coefficients from Eqs. (30-32) we obtain, in the axisymmetric
coordinate system,

cos2g 2£2
2 /cos2^

V"7T
(34)

-('-?) cos2|8 5/«2j8

/ cos2|S sin2g
I2,

sin/Sees/?

(35)

(36)
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r,/R
Flow direction

Fig. 14 Comparison of isocorrelation contours of /?/7(F//? = 0.35,
r1,r2,r = 0) in proposed axisymmetric model with experimental data.

-0.2 0.2

• Flow Direction

Fig. 15 Comparison of isocorrelation contours of /?22(F//? = 0.35,
r7,/*2,T = 0) in proposed axisymmetric model with experimental data.

If we set £7 =?2 = ^in Eq. (34), as for isotropic turbulence, we
get

which is similar to the results of Philip. 18

The integral length scales in Eqs. (34-36) are related to the
measured integral length scales through

sin (37)

and

+ U2
2COS2 (38)

from which we can compute the parameters £7, £2, nlf and «2
by using data taken at two different angles of 6. These four
nonlinear equations are solved using a standard subroutine.

Acceptable values for the parameter ratio n/£, as shown in
Fig. 13, were obtained only for small angles of </>, in
agreement with experimental results. Figures 14 and 15 show
the calculated correlation maps (as solid lines) for Rn and
R22, respectively, obtained from the axisymmetric model
using the computed parameters £7=2.03 cm, £2 = 1.73 cm,
rij =2.43 cm, and n2 =3.35 cm, and the axisymmetric angle
</> = 5 deg. These isocorrelation contours are compared with
the experimental values obtained directly from Figs. 2 and 5
for Rn and R22, respectively. The model is observed to
predict satisfactorily the shapes of the measured contours.
The averaged rms percentage differences between the
measured correlation coefficients and those evaluated from
the axisymmetric model for all 80 experimental separations in
the r]t r2 plane for positive r2/R were 16 and 11 % for Ru and
R22, respectively. The largest percentage differences occur
where the correlations are small, i.e., where the corresponding
absolute differences are also small. Experimental con-
firmation was not obtained for negative values of r2/R, e.g.,
approaching the wall. Because the axisymmetric model
assumes homogeneity, we expect the strongly inhomogeneous
wall region would not be as well represented by it.

V. Summary and Conclusions
This study has developed an axisymmetric turbulence

model for modeling correlation coefficients in turbulent pipe
flows. Cintra also found good agreement with the axisym-
metric model at Y/R = Q.5, suggesting that the model is a-
reasonable representation of the correlation structure in
regions sufficiently far removed from the strongly
inhomogeneous wall region in pipe flow. It has been com-
pared with experimental measurements at 177? = 0.35 and
shows good agreement with the measured correlation coef-
ficients. In addition, the four integral length scales which were
obtained from the space correlation data were found to
exhibit a gradual change in relative values as the angle of
probe separation increased from the mean flow direction.

From the measured data it was found that the
isocorrelation contours of R22 were much less elongated and
more nearly circular than those of Rn which suggests that the
spatial extent of the coherent radial'velocity fluctuations is
much less than that of the axial velocity fluctuations.
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